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Steady oscillations of a rigid stamp at the boundary of a visco-elastic half - 

plane are considered. No tractions exist outside the region of contact, and the 
absence of friction, Coulomb friction or coupling of the stamp to the half-plane 
all prevail within the region. A system of integral equations of the first kind 

obtained with the help of a Fourier transformation is reduced, by differentiating 
with respect to the coordinate and separating the kernal singularities, to a sys- 
tem of singular integral equations. At zero oscillation frequency the latter 
system coincides with the equations of the analogous static problem of the 

theory of elasticity. The exact solutions of the static problem are utilized 
for regularization of the system according to Carleman-Vekua when the oscill- 
ation frequency is not zero. 

The low frequency asymptotic of the system kernals is investigated using the 
contour integration, and the asymptotic properties of the Laplace transformation. 
The solution of the system is constructed in first approximation for low frequency 

oscillations. Oscillations of a stamp on an elastic half-plane were studied in 
[l, 2 1, while the results of the problem with coupling were presented at the 
All- Union Winter School (* ). 

1. Baric rquetionr. We shall assume that the visco-elastic medium 
fills the half-plane Y < 0. We derive the basic relations under the condition that the 

displacements within the area of contact 1 x ( < a are given, and there are no stresses 

outside this area o, = rXxy -= 0. 
The complex amplitudes of the displacements of the viscoelastic half-plane 

satisfy the following system of equations : 

(1.1) 

The amplitudes of the displacements are connected with the stress amplitudes 
by the relations 

(1.2) 

( *)Zlatina I.N. and Zil’bergleit A. S. Use of dual integral equations in the 
dynamic contact problem of oscillations of a rigid stamp on an elastic half-space. In 

” Contact Problems of the Mechanics of Defcrmable Solids “. Erevan, 1976. 

952 



Dynamic contact problem 
953 

Here h,, and pO arethe instantaneous moduli of elasticity of the medium, <j and &I 
are the completeness kemals, and CO is the frequency of the steady oscillations. We 

assume that in the limit case of w = 0 the complex moduli h and P are not zero. 

We attach to (1.1) the following boundary conditions : 

u = j (2& u = $ (x) for y = 0, 1 5 1 < a (1.3) 

o’?, = -L y = 0 for .I/ = 0, /x! >o 

and introduce the dimensionless coordinates, displacements and stresses 

We denote the limiting values of S,, and tc ,, within the area of contact byp (E)and 

(I (E) respectively. 

Applying to (1.1) - (1.3 ) the generalized Fourier transformation [3 ] in E, we 
obtain a system of ordinary differential equations and the corresponding initial condi - 
tions at 11 = 0. Having solved this system, we perform the inverse transformation 
and differentiate the resulting expressions with respect to E, we obtain in the area of 

contact the following system of integral equations of the first kind: 

1 

gv’ (z_, ,O) = & 1 n2 
(1.4) 

Cl1 (z - E) P (x) dJ: - - 4% s 
&z (x - E) q (x) dx 

-1 -1 

1 

fiu(t, o)= -g \ G2~(~-E)p(x)d~-& iG,?(x-_S)q(x)dx 
-1 -1 

( 

hi-p p=.__ P 

h+%' 
n2 = 

h$-211 ’ Gij (z) = r gij&~kd~, 

k=ao Ji- 
“2 I I) P 

where the functions gij (5, k,, k,) have the form 

cf--.a)p, (1 - n2) tr2 
gll =2WLk,, k2)’ gzz = 2R(6,h_,,k2) 

h + p 
g12 = g,, = - 

(x -rIr2)p‘ 

P R(5, k, k,) 

r1 = 1/c” - k12, r2 = 1/G” - k22, 3~ = c2’- lJ2k22, R = rlr2p _ 9 

i 
h2 I PI 

=Tqqiv kt2 = ,!+ , - G < acz k1, 2 < 0 
) 

The stresses will vanish at infinity only if the roots can be expanded on the 
real axis (this automatically ensures that the principle of irradiation holds in the elastic 
solution ) 

r1= 1q(1 -&-&..)l, 7-2 = 151(1 -q$+- . ..) 
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This yields the following expansions for the functions gij when ) 5 ) > 1 : 

g,, = sign 5 [I + ’ - 4”2 + 3n’ $- + . . .] 
4(1 - n2) 

g,, = sign 5 
L 
1 + ‘4~4’~~s~4 ++ . ..\ 

- 1 + np 
g12 = g21 = 1 + 4$ (1 _ n2) 

k,2 , 
p T . . ’ 

Using the above relations and the formulas [3] 
co c 

s 
leiQX-4)dt = 21x6 (z - E), 

s 
sign t&(x-f)& 

-m --oD 

we can reduce the kemals of the system (1.4) to the form 

(1.5) 

2i 

X--s 

Gnn = SE + km (x - E), 6, = ~$1 = 23x6 (x - E) + h12 (x - E) 

kn (z) = y km - sign 5) eikzVid~ (a -= 1, 2) 
-m 

h12 (z) 1 (g12 - l)eikZW~ 
-cc 

Since the functions gll! and gss are odd and g12 is given in g, the integ - 
ration can only be performed in the interval (0, CCI), and this enables US to consider a 

single branch of the roots rl and rz. We omit the derivation, and quote the system 

(1.4 ) in its final form 

112 
- \ h:lp(z)dx = q 2n 

--1 

Its kemals 

h:, = ; (gnn. - 1) sill ]k (x - E) 51 /cd5 cIi = I, 2) 
0 

h;2 = h;l = f (g,, - 1) cos [k (x - E) 51 kdc 
0 

(1.7) 

are continuous by virtue of the estimates (1.5 ) 
The system (1.6 ) can be easily regularized according to Carleman - Vekua , 

since at o = 0 (1. 6) transforms into the usual static equations of the theory of 
elasticity, The final result of the regularization dependson the type of the conditions 
prevailing under the stamp. 
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2. Estimation of the kernals of (1.6). Letusconsider, fordef- 
initeness, the kemal h,, * (2). The concept of estimating a kernal consists of the 

passage, in the course of integration, from the real axis to the imaginary axis, 
Let us separate the real part of b,,* from the imaginary part. We define 

the branches of the roots rl and fs in the right half-plane of the complex variable 5 

by the expansions 
l-1 = 5 - -$- ‘- . 1. , 

7-a = +-... 

Similarly we define the branches of the 

Fig. 1 conjugate T, and & by 

rl* = VP - &T = g - g -- . , . , 

On the real axis, r, and r,* are complex conjugate. This enables US to 

separate the real from the imaginary parts of h,,*in the form 

In the first quadrant of tie t; -plane the integrand functions have branch 

points x, and Es and a pole E& at the zero of the Rayleigh function R (5, &, 2,). 

They decrease at infinity as f; -s by virtue of the estimates (1.5 >. 

In order to simplify the calculations, we assume that A E M. Then the cuts 

around J$ and Es will merge and n will become real. Integrating along thecon- 

tour shown in the Fig. 1, we obtain, after combining the real and imagina~ parts of 

co 

s igIl (it, kl, A$ - 11 e-k 1 z 1 fdt 

N,,O = 2n (e2 - n2) JAFTr, 

1 
-- 

z-1 = (‘fz - ty + t2 j/l - ta J&p - t2, 

m-l = P(P - r&2)(1 - t2> + (p - y2y 
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Similarly we obtain 

Rzz = 23t (Ed - 1) v/8” r, Pzz = t r/l - t2 1, 

‘ 5 ‘1” = f (1 ._ t”)J@-z-&~ 

Unlike hi,* and hss*, the kernal h 
and an integral along the cut edges (xi %s) 

is* has a single residue at the point &I%, 

(2.3) 

K,, = 2n [ I/F* - 1 J.GY? (2 -- li2) + (1 + n”) E? - n2 - E”] I 

S12 = ~-x=3 f/t” - r2.J (P - l/s) Pm 
when k < 1 the estimate for hI,” can be obtained by expanding the exponential part 
in (2.3 ) into a series. In the first approximation we have 

(2.4) 

The expressions within the curly brackets in (2.1) and (2. 2 ) vanish when 
1~ = 0. Using this fact, the estimates (1.5) and the asymptotic properties of the 

Laplace transfromation [4], we obtain 

(2.5) 

3. Contact problemr for & plane s temp. Let us investigate the 
low frequency oscillations of a stamp acted upon by the forces and moment with the 
amplitudes : 

1’0 = jI P(k) 6 Qo = 5 4 (8 a 

1 

MO = - s EP (E) dE 
-1 -1 

We denote the amplitude of the angle of rotation of the stamp by a, so that 

+-*CZ, y=o 

We assume that frictional forces are absent from the area of contact. In this case 
4 (CX) 5 0 and the system( 1. 6 ) degenerates into a single equation 
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When k = 0 , (3.1) becomes an equation of statics. Using the static sol- 

ution [5] we regularize (3.1) according to Carleman- Vekua IS]. We omit the de - 

rivation to give the final result 
1 (3.2) 

P(E) = po nvm- 
2(h+p)a4 , b A ~E-~C+‘/z s - p(x)dx 

(h+2p)V1-- ’ n _-l VI-42 

In the first approximation the solution (3.2) has the form 

P(E) = 

b -= 
2 

The solution obtained enables us to find the relation between the amplitudes 

of the force moment, and the angle of rotation of the stamp. Integrating we obtain 

iMe = 3ta *(I +G) 
Let the frictional forces obeying the Coulomb law (0 < A) (~)a& = (z) 6 1 

act in the area of contact. The system (1.6 ) reduces to the single equation 

$p(T;)+& ($dr=ry+& 3 Lb(s--)+ivn2hlp(x)dx(3g3) 

-1 -1 

Let us denote the right hand side of (3.3 ) by F (5). Introducing the analytic function 

‘J)(z) =& &+dx 

we obtain. in place of (3.3 ) , the problem-oif conjugation on the interval (-_1,1) 

tD+L=JJcD-+ 2 F i + yn:a 

the solution of which is 

1 

Cb(,zj = - -&wit +* s J-me 
x+ (4) tS - 2) 

-1 

where X is a branch of the function 

x (2) = (2 + 1)-‘14 (2 -- l)-‘/z+e 

( 

e2”ie - ; 1;;; ) 
wx-$j 

defined by the expansion X = i / z + . . . . it infinity.’ 
- , 

Computing the integrals and jumps of the functions, we arrive at the equation 

P(k) = (3)” ;g2 I]2 + W (E + 2e> + 2 \ K (x, E) p (5) dx-1 (3. 4, 

K (2, E) = (bz + ivnvz) (E + 20) - (E” + zeg-1 v2 + 287b 

The solution (3.4) has the following form in first approximation: 

p(E) = (S)” ;s (2 [I + iw2h (e + +q + 
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$- + (1 - 2p - s&I - 1282)] - 2&y c?, (g + 20) x 

[I + + (1 - 4q 

and at k = 0 it becomes identical with the static solution [5 1. 
Calculating the moment of forces, we find the relation connecting M,, P,-, 

and a Ai,= Pa[2e-iivn%+e9+eb 9-~@] + 

htll- eta (1 - 482) [i + + (I - 4~71 
h -t 2tL 

The solutions of the previous problems have a physical meaning only in the case 

when static solutions which ensure that the pressure under the stamp is not negative, are 
imposed upon them. Let us now assume that the stamp is coupled to the half-plane. 

Let us perform the change of variables 

p = 'Plf(P2, Q = - i&J, - p2) 
(3.5 1 

and pass, for convenience, from the system (1.6 ) to 

1 

n2cpI - -&- * ‘p& 
s X-F 

1 ih 1 
--- 

Xi s 
*Ilcpldx - & 1 klzcp2dx = i$ 

(3.6) 

-1 -1 -1 

1 

n”cp2 + -$ s ‘padz + --$- 5 k22cp2dx + --$ f k,cpldx = - it+ 
x---4 

-1 -1 -1 

kll = Al’* z h* _ in2h12*, kz2 = hll* i ha* + in2hF2 

I,*--h* 
k12 = k z -11 22 

21 2 

In accordance with the estimates (2.4 ) and (2.5 ), the kemals of the system 

(3.6 ) have the following form in first approximation : 

k,, = - n2h - _!!.$t (x -- E), kz2 = n2h - J-$-f- (x - E) (3’ 7 ) 

/Cl2 = -+(x-u 
Let us regularize the system (3.6 ) . Introducing the analytic finctions 

1 1 

@l = & s CpldX * 1 s cpsdx 
5--z’ 2-z 

x-7, 
-1 -1 

we obtain, in place of (3.6), the problems of conjugation 
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1 1 

( A 2= -i$---$- 
s 

k,,cp,dx-- -$\k,,r~& ) 

-1 1 

Their solutions have the form 1 
1 Xl(Z) I Q (4 = 6X1(4 - 1-_- s 4% 

2ni x,+ (4) (5 - 4 
-1 

(3.8 1 

X2(4 l 
@2 (a = c2x2 (2) + -& 2ni 1 

‘US 

-G+ vi, K - 2) 
-1 

x1 = (2 + ~)-'l.+iY(z - l)-*'x-iY, x2 = (z + ~)-%-iY(z _ ,y*+:, 

( 
y=&lrl+g, x,L+..., x2= ++...) 

cl = - &(Po$iQ,), ~a= -&(I’,--Q,) 

Computing the quadratures and jump in the values of the functions, we obtain 
1 

‘~a = (~2 + +(E + 2yi) - & i k;~cp,dx - & 5 &p&} [X,J 
-1 -1 

kr = n2h +T 
( 

b+c 5 
) 

(E - 2yi) - _!+C (E2 _ 2yiE _ $_- 2y2) 

k:=+[ (E-2yi)s-E2+2yiE,+ -+ + 2Y2] 

kZ2 = 
( 

- n2h + F x) (E + 2yi) - 9 
( 
~2 + 2yiF; - f - 2~‘) 

k,*, = + [(E + 2yi) J: - E2 - 21% + -$- + 2y2] 

[XIJ = i $$ eiA, [X2 J = i g& e-iA 

( 
B=viG4, 

1$-E 
A=yln i_-E 

> 

III first approximation the solution (3.9 > has the form 

(PI = [WI (E) + e,d (E) + T (E - 2yi) e] [XI J 

cP2 = [CA (8 -I- cld (3 + % (E + 2yi) e] [X2J 

ak (8 = 1 - 2n2hyi + q (G - E2 + 6~2) - 

(--ljk [n2h + 2 (b + c) yil E 

d (E) = + (-& - E” - 2y2), e = 1 + b (-$ + 2yB) (k = 1,~) 



960 
V. P. Ten 

Using (3.5) and (3.8 ), let us now return to P and 4 . Let the stamp be acted upon 
by a single vertical force of amplitude Ps. Then 

P (E) = PO* IL, (W ~0s A + fns (k) E sin A 

q (8 = PO* If,, (4 sin A - f, (k) E ~0s -41, PO* = 2n: f& 

If the stamp is acted upon by a single horizontal force of amplitude Qo then we have 

p (E) = - Qo* Ifs (k) sin A - fns (k) E ~0s Al 

q (E) = Qo* If, (4 ~0s 11 + flL, (4 E sin -41, Qo* = 2n $f$ 

where 
fn (k) = l-2nzhyi + b (V, - E” + 2y2) + 4cy 

fs (k) = I-2n2hyi + c (‘I, - E” + 2y2) + 4bya 

fns (k) = n2hi - 2 (b + 4 y 

Finally, if the stamp oscillates with the amplitudes cc of the angle of rotation, 
then 

P (8 = - a* (E COS A + 2y sin A), q (E) = - a* (E sin A - 
2y cos A) 

,p = .)“+ aB 
- b + b (+ +2y2)] A + 2tJ. 1/l - 52 L 

Multiplying p by E and integrating, we obtain the relation connecting.Ma and a; 

MO = +$-& rt~cc1 [I + b (+ + 2y2)i (1 + 4y2) 
1 

In conclusion, the author thanks L. A. Galin for the interest shown. 
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